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LR f R ABARE &K, AR

im (f(x) - g(2))=0,

ﬂqﬁfzg
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§2.6 TARNERHA

AR — T B ARNM AR - LR BR". ZAUERRZY Eink
515, RENERE"AR—-TLE. EZXPEX L, ES5REITETHRRR

AR e R — AT BHRB ()= L BT x=0 25, F) BEBHE

L.y= L WEGREET H—RRANE= R RE—EDBRNPIL (A 2-4).

RER, S 00, FRETUERBESZ ARELZ R A THRBEAXIHT
J1, B A5 #E

~

B2-4

BN 2.4 & xy B—1EH AW f &z, H—PEBOTER =, 25
FEL NMRMIELEHIER A FE IO HHNRE0<C |22, <5 EH
| Fl) [ >A, Y « B Fr, WER FBEAFERLX”,ICHE

lim f(x) =0,

WE
fla)=>oo(H z—x, B),
bl , i AT LLE X

lim f(x)=+o0,

—
rJ‘u

lim f(x)=—o0,

lim f{x)=o0,

im f(x)=o0,

i tee

WSEF FTA R, RO EMRRGREARY, f 21 EFX
(&).”



88 W2l BEHNESEE

HERFEEAGNE NREEE-BRRIRD limf (o) =0, MR ERTH
HL RSN E)

B, EG KHBHMBELT/MARFENLE /NEEE LT K.

ER—HRAED, AFHEEL, ILMEE 2, H3BD,Ff 5 BRE
53/ 1R A BATTRT LA T T W SO B A X% DT dk .

X 2.15 B oo, B f g BREAS /D, HE g Er, B—TFSD
MRS (B x, 2N FRBH.

I 45 lim fT(_j 0.BBAH £ BRIk, EMBH TN,

2 0% lim f%"’“%d#ﬂ,ﬁﬂﬂf—'—ig REGRTS

3 MR 2 R [=1, 40 f 5 ¢ BEBHERD, BN

.fﬁug(x'*ru)*

AT AR IS R AT RAL” . 0, BB A 3 ME R, %
o B AR E BRI (2 - 2,) 551 REZ D" Y 22 B f B ES
NIBAY FE(x — 2 ) (e >0 ARBM T M, F e BTN,

i, BT

sin .x ~x{x—0),

1-cos I“%IE{I_"{})s
ARY r—=06 sinx B 1-cosx B8N 1R52BGTH |,
R~ BB BB TS, W U AT . Bk A s
—HERABRY r 5, BREF K. B4
% im fT(f_} OR WK ¢ Bl f ERBOETK. ST, F B, B

KEMEHT KX

% Jim ‘I)ﬁm:ﬁ%ﬂﬁ HENERENERF. HERBEST 1

BB S -'ig REMMETK.
Kol RITTLELEF RN R NS EBEL— BT, REE
HUTHHATRERS S, REUGATA.

B, 5 e B RTINS RS K T

1‘2+.r“2= xrt2 :( 1 )2 xr+32
(2" -1 (a-D(z+1Y \z- (r+1)"’

LA R
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rt+2 3
. _3
i 7 "8

Euttf—z?%?ﬂ—fr 2 HBTITK . LA, Mz coRFHR | 2 | AR HER T35 K
I
AR EN, BT

V2ri41=| x| 24r;1;r

Y4
I 1
+ +
T H
20 1
i =Sy = 24 7 =V20,

AR Y r—>ooffy/ 227 + 1R 1 BAXH K.
fﬁﬁt—kﬁﬁﬁ%ﬂcﬂﬁﬁ—/ﬁ%%fhﬁiﬁkﬁﬁﬁﬁiﬁﬂj"ﬁ"ﬁfé. KERHE,

¥ o0 B, 2sin }l_ﬁuﬁmn R AE « ROV B30, A A8

g5 7 Isiné“ﬁﬁ”.
AEHE,Y x>+ o, PR EK

Inz, (a>0), e, 3
MERFR, ENZEERHA B, B ME? RIS $3.6 DEW 2% F iy
N'JU?LF',E—"I\;%bhﬁﬁ"’i‘ﬁ%ﬁﬂﬁjﬁ%ﬁ-ﬂ#—/i‘i‘\ﬁ;ﬂfi‘ﬁﬁﬁ$ﬁ@ﬁ‘fﬁ
EHH.

BRI NMEF K NER, TR FRERDER .

TR 2.16 REER - RENERPRETE MR AL OB, 4,
ERREAFURAWBLEANES M EEF L), THES 2 S0 HEDH H
(ﬁﬁf%i)ﬁ?ﬁﬁ.x‘%%‘ﬁﬁﬁﬁfﬁﬂﬁfﬁ.mﬁﬁ?ﬁﬁ—%ﬂﬁ‘%%ﬁﬁﬁﬂﬂﬂ
Bt ER AT 8, R R Lt

U RER-ABRDP [ S REGOETMNEETK) HRNEHE
R lim f()hiz). FR.BF

lim fx)h(2) = lim g(l-)h{.r)g%

= (lim g(:«.—)h(;))lamfé—;

=lim g(x)h(x),
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ARy, O
flim, A2 A
sin x ~x{x—=0}.
Mg H5e#0 AT,

lmSIH A llm QIIE
0 80 br 0 br b

R MEENR K AE AR EELRAEAHMG XS /MNEXF )L,
M A B8 & AL 78 LA AN Bt B B 55 /D (BB K) B AREE— S, B H W
K Flm iR

lim X —sinx
1m ""“"‘T‘——

i

KA RS sin 2 FTx RACH BEEREERE 0 BT LA §3.6 P
iﬁ,l}:‘_ﬁﬁaﬁﬂ%‘%ﬁj%%.

EEREDHEE, BITBANES, ENRISENERHRIE. &
REGE RN BREE-TEN F R ERRN(FRZMHEERT2E
&) REMEXTENNERCRE, I, WREX M REH Az T + %,
T2 T 348 9% S o2 T ) R O

EX2.16 BB fFHgEa BEF (e BMNAEZE L IFH g(2)70.

2 2o, W B R AL QR BEEER S M ER /(o)<
Mlg(x) B . A f(x)=o(g(.r))(.r—=-.ro)5le%m;

2% roz, B, gf{f_)% A E5 0, B

f(:r)
0 g(x)
B, 8K f(e)=ol(gle))(a=z, ) RFER.

B, 2% A2) =0} (x—>x) 5 fla)=oll) (a—>a, ) PRI BRI
e MABRTERY FERE fFR—-PMESD.

1 0 -

320 =22+ 10=0(27), r—>>;
= Ofsin x),x>0;

x*?sin % =olx), r—>0.

RIEHS 0,0 HAEE—SEH. T8 0(g(1))5 olg(x)) 3R E ik
RE—T8, MARETRH—BRE, —FHEB. XF f(2)=0(g(xa)R
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Fle)=olglaNPHRFS ="M HAGART c"HNEE . ZREY rRTH
RAEBHFREHER TLT O(g(2)) = fA)F o(f(2)) = f(2) BB AW
MEX MU EMN S HANABAEREE SR HTER. XNLT
O +o(1)=0(1)(z—>x¢)

RAEX, ERFRY x>0, W, -1 HRBE5LHFNBMANE-TBRE;
BREREMARZHELEFSEFN O(DHBH o(1) =0 XML, XN
O+ O =0M)HFEHRPWEL,NE r—7, BABRS, FIHRRZ A
ME-TERE, X ROEREAFR BT REBE 4 0(1), B EEL
EREXEXN O+ 0(1)=20(1).

%% 2.6

1. KTHAFIEA LT R oG4,
(1) =507+ 2" (r—0); (2) x—52° + 2 5y—>0);

(3) e 0); (4) 2* =3z +2(z+1);

K
(5) =2 (rrtm); (6) L
F —3r+1 sin °x

(7) v asim z (x—=0); (8) v ¥ +7 z (x—0);

() Vi +Tz(xr®);  (10) VT2~ vT= 2 (2v0);
(WY sin(/ 14 /1177 —y3 ) (x0+);

(12) vT+tan = —v1—sin 2 (z-*0);

(13) \/I +m(x*°°);

(1) 1+ 2)(1+2") (L +a") (r—=+ o),
2. ¥ x—=a, ®a=0(1),KiE.
(1) ola)to(a)=ola); (2) o(ca)=0la),c HEH;

(z+1);

(3) (6(a))* =ala*); (4) r3—=1-a+oa).
3. AFHAFT I ER EFREMR,
(1) lim — xtan' 7 ; (2) i LY 221
0 sin” . {1~ cos 1) et 1-cosx '’

4 —
(3) lim HH L, (4) limy Entan ),
=0 1-cos' x 0 SI0 X
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(1+I+I2)1/u__1

sin 2x €N

(5) lir_m&
% 2.6

1. ia;ufgf(.r):oﬂf(x)—f(%)=o(x)(x—-0).=tim=
flr)=o(x){x0).
2. BEAF0(0,+00) >R, 1=1,2,3, , HEM nEN" ./ MAEFT K (1
too) KL AL, to) b —MEK F, 8 x> +oon fFRWf FEHE
#MEG R, nEN".

§2.7 E &l &

RRRCE P, BT B R SO 2 — 8, RS M B L ok AT ST, IR
MBEHLEPEANES B TABEHAEARRSH LI R, R
MZAEEREH, ERATEHTRNE.

REHGHE , SIS0 H) ) bR 3. 3K Pk R MR % F I 76 1 A9 BR 46 40 i1 348
B9 HRFEN— R EREXREFRHSREFE 2C, TFRHSHD R
R8C REEX~-R2PREMYA, BERNEREERRI.ETENE
H—BER/MHEREZA, SENTEAS2 KK, 5 020 HMEASRE; F
B, XMHEEEZMEATUA S, RERIEMEREE 2NN —B2
BEREZN B TE—FEZN, SHEREE S — 28R BRE, — SHE
BA—IHH, EXTHASBEE TS RNBRESENRESAZ T E—
MEEHSHE.

AT ERMBRARARRSERE, SHMTE.

EBX 217 & fila, ] >R EMFAEE FlE— B 2, E(a, b) BER

}ifgf(x)Zf(xo).

WA, M FESEMN >0, FE P BESH 550, HBAR 2z - 2| <8
A%
Lf(x) — flay) | <e.
HE—EXTUAE S, AWM ffEr, SBE, fHEr, R ELHRRHER
WREER f(z,) BTR, f BHEE -, EE X,
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W f R, WEE(E2-5)FH ARTTTRENFREL y -
fla)te BEMTFREBLAKE, BUTRIAFITTAMPOAEEL » =
ot 8, ER/Y £ € (2~ 8,20+ OB MNRIHEE y= ()R EHBELTE
BHAFTELFBERNERZS.

r=x,—0 x=xytd

? t L y=flxtte

P
y=ﬂ]‘o) e —— '%
|
> : y=fxy)—e

{
|
|
1

[ x=x, x

H2-5

T E LT
Bl1 EEBPRAESERY.
W &=, XR R ER W THEELEN 2, ER M >0, 1

=1, LEWE x— 2, | <1 M ~, 8
[ flx) - flz)l=lc—cl=0<e. O
B2 B Flx)=x BAbabiEgn.
R MTHEESEN 2 CRM >0 M= JLRAMRz -2, /<8 8
r WH
L f(x)— flaad = lz-2 <. O
B3 EEEBSREARETE LR F R SR,
R R L, R, FEMELY

. ) R Il Y xr+.x,
sin . —sin x, = Z2sin oS .

2 2
RO B HEAN e >0, S=c, AR |7 — x| <8 B, (BH

sin(x -2::[,)

< ‘(x—ru)
2 2

|sin r - sin x, | <2

=lr—z,0<e,

EI,'EIE?KE&E X ﬁ&%
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XK

lcos x —cos x| = sin(%—r)—sin(%*xn)
%l—;‘x—(;—ru)
RIEFFES ik WRIEE TR EKE «, HREZEHN. D
Bla wEDRS2.4% 5 PFELH Dirichlet FBEL. {FRH
1" D 48—~ S8R
B Ar)=aD() W FBEEr =0 biE g2 A, Hfil & dh 4B i 42
iEBR 1° §2.4ﬁ$5iﬂ%ﬁ£ﬁ,ﬁx¢$ﬁ§xHER,}iTD(x)#IWﬁE,ii%

TE oy ML
2° Rk f R x, =0 SESE T F(O)=0. XEELEM >0, W o=¢, A
Ele-0=|el<s o, BA1HE
Lf(x) - (D) =|zD(2) |<|x|<b=¢,
FrLL FEx=0 b RS,

AR 270 %8 ) = D) MR £ 42, 40 B8 B4

:|-I_-Tn|!

li_mf(x)
lim Di{x)= hm (I.r):—f IUI
:f(IU):D(-Tu)-
Ty

REH DB, LEE XRFE. XM F REx=0 8%, (O

BTOITFRHGEE LR REEN R WHFEERE S0 E,
i 3% £ #0B i@ 31 Dirichler sR¥OE A/ .

BE SR BV AT ARE S 0 B B, AT Bk T L S s s i

EX 218 MR fxy+)=flx,), WFEH f 7 z, HEEENE (2, —)
=flaeo) JURRRHE fHEx, ShEELE.

FHRHR BY f ey, ERUTARE fa~) = fla, +)= f(2,).

Bls fERRM o AHT U FEYE - AL R g

(EXH o BHWHE >0 H a#1. g’la—lﬁ']’a B EHEER, REE
EHERZT).)

WERE RATE &R f)=a" Bx=04b B, INEER.
lillr}air = F(0)=1.
FB o> 1, e RTRBEE . §1.4 095 4 HEBES lma'” =1,HIl

oo
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MIEBEREN >0, 0FE—~TERF N, #F
0<a'™ —1<E,

it i a<§,ﬁu% 2 €(0,3)8, T BLER

0<a" - 1<a’ —1=¢4"" ~1<s¢.
XEETEER T
lim o™ =1(HHP « >1).

=4

MR 0<a <1, A

1 1

=i+ hm —!; hm (i )r
r =+ gy a-=f+ a

RAIEL IS £(0+) = £(0) = L RMTERHKE £(0-) = lim 0" HB M 5=
—.1',55113!1

_ 1
=r=1

fO-)=lima > =~ L "
it lim a

]+

_1_
=5=1

BERENT o =042 %G,
RIERVE 2>x  HF 2, HEBSTHEBGHENR. 81 F

lima = lima™a’ " =g lima" " = ¢ lima',
. L PR ]

r=r —

" r Jn ) .iu
3% IE

lima*=a™. [

MEHARRIGHE LR IEUBERE - SLEEEN LERAFET B
MTRVE , “HE 57 2 1 00 B B S SR , 35 40 3 0 iYL 25 488 575 o) o9 R AR B 110 4%
PERR H KT (G E B . ), ) A o S R 032 A I, AT T ML 2 B o
LUF Ry .

ER2.17 MBEREE f Sy e, RELE.HA Frg 5 B, bE

B B guﬂ#o,mu;{-mmu i

BE—R 2R CARBEECNSANEXRENE — S kS 58
RHEREFRTEHRAZH, EEREN BN TEZ SRS R ks,

R B & BB R E A R T 288

EE2.18 VR g Bry AT g (o) N 2y MBEM £ IE 2, 42,
MAREGERE fop fEr, WS

B 2.9 BIRIRE, @ (a,b),(a, +o),(—o0,p)5k( - co,
hoo) MRERE FAET BE— SALES L FE T L W T=(a,6). R0
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RiE] LESREF(a,b) LESEHBE o i A HEERMES AL
. A0 R EMERER . NEXE T BASHE EFREES, RIA
CNIET LEZRWA 2.

MEERE 2 18, TUMNERHERERLE GHRRESHHT BHA
T RE WA Al A B S R, B0 sin @7, cos(sin 2) B %,

ER2.19 B FERET LERAMGBMNEZER R4 R A(DE
B 7 et a1 () O HE 5 R 3

U AEE 24 ZENER 2P RIBER J=(HHLE—-IPRM.
KOS 7 '7E ) LRESEN AR T E™REH TR 4, €J,% 1,
=f "W 3y, = fla)) EEHBE >0, 8 - Ha, e BEID P,

4‘,\

=y — flxy, —e) >0,
&, = flag+e)—y, >0,
§=min($,,6,).
Mly =y | <& W, RINAH
yg*ﬁlgyu—a(_y{yu+§a‘§,yo+32.
B F T AR S A R, T 4
F U= 8K F Yy -0 < ()
<yt OIS (31 3y),
X
xo—e<f ¥}z, +e,
EXRAUBRFMEELL () - ' () | <e. IR FRINELE
Ly = o | <8 XBMULHE £ F vy, MBEEM BY y, £% J FERE, FLU
FED LEgE O
YneNB, o)== - a RNETAX,ZRLEEEEN. 24 BR
[0, + o) B, BRRBMAG, AR EMEER £ (2)= 27 %[0, + o)1k
EEGEN. BT, FAEMIERE Lo [0, + o) Bk,
BESEEREE o Yoe> 1 W, EER FREERBRMNEEEE TN
R B AE log,x , (0, + ) EMHBE N ERRH. %5, o =cBf,ln »
0, + oo ) | A= B 1 1 % 12 R L
BERY f(r)=2"(HD >0, p AREEENTR) DRERBNE
th s &
flzy=e™ (H 2>0),
A R R0, + o) FRERM. :
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IF I 3% B sin o |~ 5,5 | bR R A Y, B DL R
Fid
T

arcsin 7R XAEL - 1,11 b, REBR| - 5,5 [ AKEH con 7 760, x] LR

B, TR BB avccos « BUE XUEEL — 1, 1)k FEAHBUR 0, ). IEHT &Ko
(=55 | LRI R 8 orcan £ BE (0, + 00) P

Bt ( - 5.5 | PSR B U E B RSN

SHMARY R R SRR E. AR SESARE, U EH
ENETEREIBNMERE ARKEAFEENEE, SF %R X,
HOCLERNT FTHEEA,

ER2.20 MFERRECIINELBE LBREEN.

W, R FIEXBFIN—F NR 7, 2. F 2, B rovgs
RGHR fEx, FEE M, B fOBAES HBSHRRAKERN, FET
iz

EX 2,20 7 x, R 5 HE WA,

VIR flx +)5 fla, - YFEFRARNEB (o, + ) (2, - ),
WIE c, B FRI— BB Flag+) - fla, - ) I D08 N FTEX— 5 B
BX ;

2R Aoy +)5 flay DFEERER f{a,+)=flx, - ). BFRE
F ) XM vy B fOWERAMS(EERE, NPEBARY FEx, W
(L AT 2y R R BR B MR %)

3R fay+)E flay - ) ZEFELH -PFAEEEE N EGTRGK,
WA x, M FEIE R85

B BR & AT (B WS B F M~ AR

ETHE=1®R¥

f(x):{12+1, 20
' T, <0’

sin
) #=(
g(f}={ x *
2, z=0,

1 _
h(,r):{smi" 70,
0 r=0

FAUr=0 0K, g =0 R LIS, M A WLz =0 %% —XF
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B 1

Xt F X 8] - 80 B2 i R 3, R AVT AT 0 2 B 18 A S LA RO Y TR

RE2.21 i fERE(a,b)AAEEGERE)MN RN F RS -2
BB, M ARG EREEZ AT RN,

B AR (e, b) L EEME € (o, b)), XBHEE] F(2):
a<i<s|BRALRNBER F()RREH—IT LR AHZITHEFLHRR
(iEfF A) RER, A (o). BAVKIEH f(r-)=A.

HEE A FEBLEN >0, FARLAESGHEBDIER BHEE s>
0,818 a<x -6 H#A

A-e<f(r-2).
BT fRBEY,RITA
fla—)=<fl)<A
MeC(a -0, )L FEBRENHIARER, BINBWI F()-Al<e M1 E
(x =8, x) 3, WM f(z-)=A BiE. AR BES FE, TLEH F«+ )58
HAR,HH
floa = )=f()<f(x+).

TR € (a,0), H fla-)=fla+)RER FES s B8 AFY
e3> fla )8 F LR ABRERS  BFLLUE £ 7E(a.5) L RBEH BhER K &Y
IR B BE R AT RS EEE TR O, E BRER (e )k
BRI 2 IR~ s €CEIEB fla - )<fla+ ) EFERE(f(z-),
fle+ VAEERE — B EE () BHE 2,,0,€E Hor, <, BT
W fr, T )Sf(r, - Y8E rla )< r(g,).

AU v ()X —ER BEE 5HEBREN I FEZ Y
T1-1MM:ATHEREEZTHN,FUE BEZLTHY. O

RINMCAER THERBECTINEN S - PR ESEN HELTEHT &
RN E AR EZTRN, B4, ERRE A AT Ha) BHR T B E
# Dirichlet ¥R — ML REL M BN P T, C oS AMES R R, X
TR,

%)% 2.7

1. & E T 554,

(1) i f{z}zsin%,ﬁ%‘ii FOMEA £ r=0 %2kt eho
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3.

4,

wn

-1 W

(2) 3 fx)= asin —, M AME B £ 85 LAY
(3) df FaES 2z, EFHRL,HH
Eiﬂf(xn*‘h}:f(.ru).

FlfRAEE, kST

(4) oM FAES 2, BEFHEL,HH
E_{'?(f(-%*‘f?)_f(-rn_h)):[}w

Bl f &5 Hr, LS

() @K F AL (e,b) LELHARELROIE, P £ 2 EA Sk

LT REE r =0t H,

(1) flz)=1x!;
(2) flz)=[z];

(3) f(.r):{e"’* . %R0,
0, % =08,

sin
(4).}0(1‘){1}%, 4 x7#0 &,
1, # r=08;
(S)fm:{(lwf)”f, & 70 8,
2.7, % r=08.
Tl oa,bfoc, BABHK
-1, ¥ i1 8
ey = ax’thr+c, Hlzl<142 r70 8,
0, L r=048f,
i, % =218

HHREAH ftghvfr o, L0 EHM LE.,
(1) far, tidd {2 o o, b2k,
(2) fAgFx, AHRiks

. Tﬁ&fﬁfﬁlﬂj éﬁ‘vf(ln)-)o;ml %" T i%ﬁﬁxu H‘Tﬁ‘

f(-ru)
5

flx)>

CREH A R N SR P REr, BRI ATRLY
EERH o B(a,h) LR 4

F(I):max(,f(-t');g(I))-Ie(a 15):
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Gla)=min(f(x),g{x)), rE(a,h).
W F fe G A(a,h) L d R
8. RAM FRAET AL, 4
glx)=limf (s},

tr

B o A—-Ea RN
9. R AR LEH(RBA), AL F(2)=f(a+), M FAERLESHE
10. % fERLER, Bt—d 2, yERA f(x+y)=f(x)+ f(y) 29
A =f)r s~z ERK L.

) i 2.7

1. 1§:.ﬁ€(‘[ﬂ,b],-’:l|213Eif(-r)%_f-‘ﬂ\ﬁ-fl(r)pfz(l)1)(3(.1)"7’51\'?
PR AR fE Cla,b]).
2. % fREGa D) ERHE-RRAMKE, B -, vE(a,)HFEX

f(fgy)&:f(l‘);f(y)’

i fECla,b).
3R f M- We, yCRESBHFHE f(r+y)=f(x)+ Fy).
() & FhA—bx, &S M F(2)=f(1)r;
(2) #F f AR LEB LA flzy=fA1)x.
4. K fARLEFBFTENELE I wREASEWT 2+, yERFFX
fla+y)=f)f(y).
B f(r)=a"  AF a=f(DE-EHK.
5. % fEC0,+0), ¥4 2, yvERFFA
fley)= f(x) f(y).
R f=08H ()=, kP a A¥H,
6. K nEN"  KELBMFAE
flaty)y=fx)+(f(3)), x=,yER
B —dr R f.
7.8 fFRR,A f(2)=f(a)— LB+ AL L fhz=05r=1 &k
B . h-FhE Kk,
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§2.8 EERMNSWIRITE

R RE f A, RS A
Jli*x?f(x)Zf(IU).
WAL TR fEREZAPREMR EHEY T EER - SR E. X
SR KHBE T HFRBERE LR MG — SHRENHE. B8 &, &
it 3y X iEIENE 3
hmf(.r) FUlim x).

I_".l'

X AR :Xﬁ?ﬁéﬁﬁﬁﬁﬁm MBHESBRAS A LIZR.
M1 itH.

(1) lim 2D ) i 2L (g gy L2
x Y X 0 x
# (1)&3%}
ln(1+‘r}=ln(l+.r)”r,
T
LA R
lim(1+ ) = lim(] + J—)y =g,
0 ¥ Y
BRI R BB RR AL
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I° rlirfinff(.r)%}i‘msupf(r);

a' - %‘(f(.r,,)(a' +

2° riinz‘l_f(;f)za BHAY limin{f(x)= limsupf(z)=a;
FEY €T Hﬁ;ﬁf(r)ﬂg(r)ﬁﬁﬁ.ﬂﬂﬁ
li_m inff(x)%liminfg(.r);

r—~x
a

lim sup £{ x)<s li+m supg(x).
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EBAT FHAMSEE.,
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B 3-1

Ax Ax
AAELAz~08, ERIEASEREERES » WEWETESHL. B,
HAE X

o(2) = lim m(x’r&.r)—m(x}
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BRUTLE 3-2), RAFLMBRE

QP
P, Q°

tanf =




§3.1 BEHNEX 129

B 3-2

Hbm Q 2P, HEMFHTRBMELSHE PHENTFTTHMAN AL
ML 5 0 R X SRR 4 B Y AE 10 BT SR A M R AR R AL 18 3
f(T)_f(Io)
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Bt R 2RES. R, Bl FHBRELA AEE FHSEBRES SR
WP TS a 56 TR A E R Lk MBEX P SEISHRENH B4
REHE FAERBS MR EKTFR RSB AOER SR F a0k
HIs/MASERME. MR F7E(a, b)) S, F BB SRR H B R, W ¢,
Lyst, MRARNABE——BRHNEP B 2R E A B2 H
mini f(a), f{¢,), fQe,),, f(2,), F(BI,
maxifQa), f(e, ), Flt, ), F(2,), F(B}H,
FRd f OB PMISRAMER R R—MTIFH T BRIFME, %S (e, b)
NEEF ARG ER SR ARARB AR ST, BERER £ EX
8o b BRI B AR I S, — 3 H RS
T, BATREBILAT.

B3 W F(o)=(z-1){r-2). REM féslzm[o,%}r_a@ﬁd\{ﬁ%ﬂ

KA.
% At FRFHE. B
Flx)=0CBx—4)x-2).
HARTRREE RN AR BRI E AN E 8. 0.1

>0 B0 f KR L RAE S RABES IR -4 5 05 [2,0 ] &

FLay >0 8L f TR LN RIS BREARR 053 EFxm(1,
21 E BEFHIASR

0 f(a)= 5 2x =22 )’

gl(zx—_zw—z.r ’
2 3
_4._3

A

TR FAE[0,5 [ ERMIR -4 2 =0 RED BAMRD (% o= S st
#), RE3-9. [
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I.’."-—-j-""-__l_—ﬁ/’l
2 25 x

Mi3i-9

B4 HUBR—FKE, ERBENERE LS R M SR RIBTR
FRHSMANKETHR 6 3-10). X T HRBB MW &, 57 24 0 5 o i 89
W U AT BB K, [AliX i 7K 3R 17 S 08 BR B 3 0

e ———— e —————

B|i-10

M OSERLESE-109M A ok ME BIXBENEE=2+
2bcos 8,7 = bsin 6, \EESTE R A %
F(8) =6 (1+ cos 8)sin 9,0<C9<n.
2 F(0) =0 IR, B E

(1+cos )eos §=1-cos’ 4.
w2, azg. T £00)= f(x)=0,/8
#5 )= 3v36r >0,
Bir CABEBE 2 180° — 60° = 120° B, 25 1 5 7 1 o 1 T L.
RUARFSERER LT 2L ) Riw

(1+ cos 0)*sin’8 = (3 - 3oos 0)(1+ cos 6}"%%(%)4,
APESYHEY
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3-3cosf=1+ecos
B}, B cos 9=%B¢,mu o= THML. L]

M5 KFHl n+1 PR
£{1-z) ,i=0,1,,n,

E0 ] EMR/MESRAE.

M OMREBE. N rc0, 118, Bi1TH

0=z (l-2)" " '=<1,i=0,1,,n.

=00, BHEXR(- )" XE TR ERA BT r =0 FHENK
BERKEL = 1HEREBRNMO Yi=nit,s" BURERN,. B/MI0ER
KE1APHE 2=05 r=1 3.

HBi=12,,n-18, (1) " Fxr=05 =1 fbBHENH 0, TEL
EATRSRANE. BREA0,1D)NET. REL .S

(' (1=2)"""Y =iz "(I~2)"" = (n—) (1 -z2)" !

=z "(1-2) """i-nr)=0,
B~ = LS - ) R BRBKIA. FLRKES T

i{n—4¢)" "
S LY

n

=12, ,r~1. [

XA PRI EAT LSRR A HRREY - LRSS, q/
%
(n=0)" 2 {U-2) ' =((n-i)x) ({1 -x))"
iln—xtila-D)(1-2)\ _[iln—-D)Y
< )= ()

n n

B itk

(RS Rt Ll iy

APHSHARY (n - Dr=i(l-2) Bz = Lot

HFEF Fermat* BT RFERE R 2 A B, EWERR TS A
MR Bl EH AN YA B AR LT # A THEOAE S, BN
Fermat R &, 5 R8I g 2

Ble RERMHYINAE, ENUFEENSRE. £F BN EPG—
BAESZHNMRYH S B WBE—RARSE A HEAE, MR EE
B2

B XA RERSIT AT E ERER. RN RO I RER KT



§3.5 #HARMWMRAN 165

HR HATAH A P ABN A KEZEPHHEAB(EI-11). i AP 5%
REWER A, BP EARENEANHXFTARNEE). RAEBAELR
ZEMEREDINNA B, . E4d=A8,,h=AA, ,k=BB,. 3} A,P=1xr,
11974 B,P=d-xr. Tk

AP= R+ 27 BP=V ' +(d—z)%.
A
d=x ]I
o P 31
4, [
I X

B3-11
WEXBMMER AN EEL NN e o, BANKEMN A 2P IFHIB FriED
B B J]
T(I)=é P +%Jk2+(d—x}*.
BNIRFEH THENE. 3B

T’(I)z X _ d_.l” ,
avh*+tz bJE+(d- 1)

z 2

T (2)=—mrh £

a7 h T Ao

B2 T(0)<0, T(d) >0, F A~ 2,€(0,d)F T (2,)=0.XB T">
0,5 T RS RE AT T M5 S z, RE—0. 7 2, 4 TREBB/M.
.«ﬁ Xy ﬁ,@

d—x,

avh’ +rn bﬁz (d — xy)

El

cos @ _cos f3
a b

REREFEZRAMITHER. O
TAABNE, AR E B %, AT LS H Fermar 899677 8 3 B

BOGE, AR FREWT LGRS, i 3 - 12 BRI 4, BC< BD, o =

LACD,f=n~/BCD. B D MHK AC,BC B2, BRIHEK P,Q. A
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A3-12

AC - AD<AC - ADcos /A =AC - AP=CP,
BD - BC > BDcos £B-BC=BQ-BC=CQ.
P

< :
CoS a COS a cos f cos 8

AC-AD _ CP _ ., CQ _BD=-BC

XA

AC+BC<AD+BDI
osa cos B cos @ cos B

B oa, b SHHIRAERF D OEE RITHER.H

cos ata=cos 86,

N 5
AC . BC . AD  BD
P IR A
X ROT R R
3.

RN XA EHEX AR fBERy=f(2),2€ L. CRBHE I
Lﬁ*}—&ﬂ&.ﬂﬂi%‘ét%&ﬁﬂﬂ%ﬁﬁfﬁﬂﬂy
HER RAMA T X HAME. WRike Hia
MR REEME v = () ERBEHTFNEE
AR —FBS 0T, W B f T LBy
# ( convex funcrions) , WA L HEBHE F T LB
QR B3 - 132N REEENH T 5

B, RNBELE LA LB RARE LT
wrthk # 0, €1,H 2, <z, LERE A 3-13
re{x,z;),WE3. 14,%

\

T p——— e
o ———— —

X x,
~ S T
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rp )
txy) z e, )
I
) ——=f————{En)
I
I
|
]
)
O x x x x
H3-14

B b %

r={1-t)x, +tx,,
EE €0,1) EHMA (2, 9,) 52y, 3, IREWERB L BE(2,9). &
B8 () (o, 3) (2, 0 VTR EM ER = A L MHMEE T

YT _FTE

YT M XTI
LR y=(1 - 1)y +ty, KB ¢ €(0,1). @FAE (2, fF{r,)) 5 (x,,
fla, ) VRE — 5K VHE AR 00 LI AT LR N
FU =)o + et KU - ) fla )+ tf(x,),
%t -4 € (0,1) &y,
AT REXAHE,BITE A, =1-1,0,=¢,FR A, >0,1,>0,H 1, +
A =1 R RIS MM T RE L.
EX3.6 RAY FEXEI LHE MBEMEM x,,2,€ I He F#2,,
HEENAL>0B A, +4,=1,8F
f()w-?h+Azl’z)£;‘1f(11:'+'12f(fz)'
HNH R LOOEN MR EARERXNMEM 2, %2, B A,,4,>0,E 2,
tA4, =l BRBIERES RIS0E rET EREFPRARY.
BB EEHTRER.
RE3.17 W XM ERORE, N FEM 2, ,2,,,2, €1 F
Aysdy o A, D0, H A+ 2,442, =1,

#HH

)

HOIPENIDIPWIEDE (1)

1=1
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MR fFRIEMEBMNER, Y o, 0,2, AEHERE

f‘(i} Az )< }n_;:l,f(:r,-). (2)
EW REERE 5 =2 0 R R EE f O i
n=k=22 WaBE, BIIRIE n=¢+ 1 M HEERT. BF 1, B SR
C 1A, ,4;,,,A,,,>0,3A
A+, e ta, =1
%

AE‘ P — 'TE)
Fl_l_f.{*.,.l’z_l’z’ ,k,

Emﬁﬁ,>Uﬂp.+p2+"'+y*:1.ﬂﬂ'¢ﬁﬁ

Mx oyt b g, €11

TR

41

f(zﬁ-.-r. ) = f((l - A&H)Epr‘ri + j‘.ﬁlrkﬂ)
(1 _Au:)f(l_z Pax:)+)‘k+|f(1'§+|)

Q(I_Ahl) z Pr'f(l';)"rzulf(xtn)

Et+l

= 2 Aflx).
Bk, RITCLEW % £ h 1 E@O RS, WEM nEN° AFR(D T
BRI FRFROONER HH 2,2, 2, FEHE RIEH W
BEANEN D n=20, 1,2, FEHERE 2, %2, HEL, FRYFLED
Jﬁiﬁ{ﬁiﬁ n=k W,Fﬁm$%%&i+ﬁ& -I'],-rzv'";-l'.“;’;ﬁ%ﬁ%-.ﬁu%ﬁ

B,z AEHE WAL RERE PRSI FE SR Y L)
B{J;ﬁu% I :“':Ik#x,¢+: piiﬂd’

E T, =X Z ST,
=1 1=1
R RAL BB - DNAEE R YRR, 52, FSE(2)H—8) nEN
Bar. [
ERIA8 W FERE T ERSNERE, WMXER 0y, 0, € 1 FUER
HIEHS B, 8, ERER
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E,ﬁ’x Lﬂf(x
f (3)
Z.G’ }dﬁi
MR RSO, FAY 2,2, €T AEEEE, (3R F R T B HK
RFR%S.
iElR HES
-'lj= nﬁi ,le,z,"',ﬂ,
ol

HER3. 17 L fER. O

AMTGEEB(1)Y S B)FHN Jensen FER.

EE319 BYM ERMA] ERSEYE, YB YN (2,,,)CT R
FFx€(x,,2,), B

flzx)y— flx,} {f(x) flx, ){f Ty} - f{l)
xr—x, I~ P o
FRIEHROEE, S ES PR BE TR RSE,
iER RITAEZR

(4)

Hx€(x,,x,)H,H

B+ =1 dMENEX, T

F)= f(Ayz, + 2,2,) KA, f(xy) + A, f(2,). (5)
# () MER

fAx)=2,f(x)+ A, 5 (x)
ZIRRA(5),15858)
AMfle) = fla NKA (1 (2,) - Fl2))
A2, R LW, B
f(ﬂ')—f(fi){:f(fz)_f(l‘)

I SR o Ta —

B, RNTWE M ENER E 6>0,d >0, E.bi S B ARAH

(6)

% MR

d’

bl
b
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X—FEHIEARTEER T AMNHE. 4
a=flx)-flx,)c=flx,) = flz).
b=x—x,>0,d=x, x>0,

FRHCHK )X, LR BHEAER4). MR F EFEENMBAE, A ()b
HANRE HANFES LEEDHIES.
BiExE . B &, BROOBET. N(6) i, B EARANTRR#E
[ F:, af 3t (5)a, XIEHE FET EASREEFBAREONEL. O
ME-TRXTERNATEXEFTHEIN. A/ 3154, 05 Tz y=
flOMEZFE EfNHRT 1= ASRGOHILAMERE
P PH#B<P, P, M R<PP, P&,

y

B 3-15

KRB T

ERH f RS R S MER T HE AR SEETEREES . BYE
Kz

ER320 W #Ele,b] EEE H(a,b) LTR, M F7Ela,b] LMK
WOTHOREON— M LERIRER (T (a,b) LB (FREN).

EH EERGERLEN. B(r,,2,)C(a,6). BB s 5B R r, <2<
o<, HEHE 319 81

f(x) —f(«rl)gf(-rz) “fla) flan) - f(2)

¥ Sl I, — Xy~ x

Etit':f]/i} F—*x, + ,..T’_"Iz - gi‘%
flxy)— flx))
Xy — Xy

Fla )< S {x,).

T f RO BB, RATR & 2 B 2, <s <o, AN
Flanfe 2 fa) fla) - fla”)

x o - x

“‘{H.f’(xz)+
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EEERBHTFEEMAER (o)< (2}, BRI,
BIEEAH. 8 FE(a,b) BB WEM € (x,,x,), B Lagrange P {H
EH,ATHMEE £€ (r,,2)5 9€ (2, 2,) R
fzx)— flz,)
N AR ]
fla) = fla) _
BX e<a<q, BTl FUOST (). ATA
f(I)_f(Il}gf(xz)‘f(I).
xr - x, Xy~ X
FIHZRE 39, TH f&Ela, b EAMER . ZHEN, Y A RENE, £ (&)
S ) LRRFRNPRIEEERNARES AT FE(a, ) LR SR
¥, O
YSEGOAAZHSES  BINATIHINHEXEFEHER.
EE3.21 GRE f (e, 0] LEZE. fEGa,OABEZNWER. N 5 &
[a, 6] ERMBRBHLDETRSFMR 20 % (a,0) BT f Ela,b) bR
FHLREHDBRESFER 208 (a, )R H BE(a, b)) WEMAN
TREW fFAEETF 0.
EW SR, THES3 1 5320 U B A G, U HE
M3 145FH3.208E. O
SRR BB A Jensen RER , TUANFHFEETRER, X B2IEE
St A g —FE RN,
Bl 7 A HEARFY - JLAEARER" AF6E K R TR - |

= f (&),

f(g).

L I +‘r +-.-+I!I'
(22,2 : (7)

APESRISHANY 2, =5,==1,.
B FAEER -y e =e,i=1,2,, 0. BXHENRBZE A
RN

van yl + JJE + e + y;r
el tnttading® T E " < (8)

AR BEUE B RH e 2 R BRSO ¥, 1 Jensen AR AT E FR BT T o B
BOE ) = >0 FRIE, (§)PHEESLHARY y, =y, ==y BT,
HERTH, A SRR, HFRAH WSS RE Y x =0, = =, HA B,
J
ﬁ]s Ei‘r{ffﬁjﬂz& Aqyad4 ,‘"nl",.;ﬁEﬂﬂx%it
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I XX, < (1+zx)~(+x,)
(2, tay teetz,) (atxta,+o+az,)’
EiRi-h e Ay WA F JieR

R FAFAEEN

TP

XXy,
=
(I+x)(1+x)(1+a,)

1+¥(1’1+12+"'+In)

BEON 8,18
l n
1 <y x, ¥;I'
— D I/ |<In [ ———| .
n & 1+, =
n;‘zl*

E4 f(o=In (G ) WEATU SR
%;ﬂmnadﬁga)
B, UBER — £(2)7E(0, + oo ) R i, A BGEB R B . RS, 180
Flay=— 1
R S T

- I+2x
F=- o

AT - fHEC, + o) ERHMLEI IHREBTHEASR APHNEEY
BREE -, BHEREL. O

#3]83.5

1. AR THARBEHRT RN AGREN.
(l)f(.r):tanr,lrlf-i%;

(2) f{x)=arctan z - x ,x ER.
2. HEHFRFX;
(1) z(x —arctan x) >0, % r70 B ;

2
(2) 1—%<ln(1+.r)<:r,§ x>0 &

3
(3) .r-—'%—(sin T<z,% x>0 ¥y
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arcian x

(4) 111(1"‘.3")}“—1?'% x>0 8.
J. iEHARELX
(1) $0<x.<12<%ﬁ,ﬁ

1an i1 xI
1an :rj}}-,z';
(2) & 2,y>0R > >0 M %
(‘rn+ya)lfo>(-r.3+yﬁ}lf.3;
(3) 3% p=2,% z€(0,1]18, 4

(“—I)P+(1_—I)p£%(1+x").

2 2
4. HRM FE0N]ELAZRFEK, 8 F(0)=F(1)=0,i& Flo)=2"f(x),
Kik  BE € (0,1)8H F7(8)=0.

5. %% fERE[0, +o) LT H, F(0)=08 f =ik ﬁﬁ:@iﬂﬂr

+oo 4L ek,
6. REM FERLAERA /20, r AEHEAK.
7. REK flog LRN[a, +oo) Lif sk B Y +>a B ()< (1) ik

H:4 rza W

| flz) - fFla)|<glx) - gla).
8., W % x>08 +FL KA
(1-a)(xe" —e" ) >0.

9. RTHAEKNG B R,

(1) fle)=x* =227 +5,| 2| <2;

(2) flz)=sin (2x) - r.|IF“:—g~;

(3) Afla)y=zln 2,2 >0;
(4) f(z)=2"-32+2,2€ER;
{5) fle)=|x"-3x+2[,| 7|10,

(6} f(x)=arctan (i ; i ),{]éxél.

0. ¥FA WHSBHRFAE-BRGFH L AN—HARER $ZEF® L
B HEREMY ¢ FEABREAFRBATHE, 5 THEAR N

2 2
11. F’i&fiﬁﬂl%w& %=1\ﬁ$ﬁf&ﬁ%ﬂﬁﬂi.ﬁﬁtﬁﬁﬁk?

12, A~ EHNRBERE, FSAEBZ R, ABRE N7
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13.

14.

15.

16.
17.

18.

19.

20.
21.

22,

MEBARYAKAA LT E-ABH BA-ATHELRT, L TERES
e R A, Tiklm-+ e EMmRE L7

FO<a<bsla, LR [q,p] Litib Al sy rv=1. Ak mEAf— 5 L
PR, CEBRBAAETEL r=a,x=b AR —AHH. FXELETH
i, A REREH R K BRY

ANEERT n LM E FH 0 M ME L, A E R R

Sle-x) £ RBRBENE.

FEEFRFX 20 (c>0OA LY - WEHK a.
EH e, b LS, FRK F A, b)NEH, Kik, 4 € [a,
b1, A
(b~-a)fla)r{x—a)flb)=(b-a)f(x).
SR R &
(1) fla)=u", B F p2=1, 2220
(2) flz)=a" , &+ a>0,2ER;

(3) f(x)=In (%).I:so;
(4) flxr)Y==xln 2,2 >0

(5) flzr)= —sin r,x€[0,n).
BERTHARFR, HIEAXTEFFT R L0508,

(1) a{rll --+_r””ﬂ£?];h(ail TR +aI"),-E-':P CI>U’I§— a%’él;

(2) (

(3) & 2, 00,2, >0 0
a7 +.T2+'"+
n
M)ﬁA“ahngh>0ﬂA.+M+uﬂwn=hwﬁuﬁnaénu=13,
...’”)%‘

R p
ko +x")£—?1?—(_1";+"‘+1':),-ﬁ-* p>1;

H

X
wé(r’ll I;z "'.I':;" )l.f(,rl +12*"‘*_r.) .

aytagt e g j A,
i:iﬂﬁ:ﬂ”ﬁl’ﬂiﬁﬁiﬁ&ﬁi#ﬁﬁé&rﬁ.
W’ fila, bl >RAGRE R E cE(a,0) 7 fla)=flc)=f(b), %
Ra<b<c<d Ri£:F flla,c]LA[b,d] LA M B2 fE]a,
d] L&t IR,
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23, B fAEa, ] L& (e, b)RZATH, fla)=f(b)=0, B84
c€(a,b)E f(e}>0. M B A EC(a,b)F F(£)<0.

W] H 3.5

1. BT R-AFER, FR] LS EK, KiE:
(D E] LASSBGLSRE S PEFREF AR </ e ETA
L
Q)R 2ELEF AL R EEBA LS 2 AR D Fhr TH,
(3) Zla,b]1CI, W% 7, 1,€[a, 610 H
() = fle ) IsSM 2, - 2,1,
YFMATH AL 2RE LS.
2. I A—FRHE,EH FAI LALREE - ARELGFEHE NHE— 5
cEIMBLE-$a #12
flx)=zalz—c)+ f(c)
N3 2 €1 . sk tk h JLATRRAR
3.REE FEARMT ETE M FAT EAGSRME - ALBES 2425
BGNETFENHF—~Fn8e by,
4, 9% f:[0,+ 00)}~R, B 2 € [0, + )4 x=f(z)e™ £,
(1) f RN,
(2) Jljrflmf(r)z + o0

(3) lim 2% =y,

o nr
5. L pR—3HK, PR
Py = p (x) - p' () + p(2)220
&(—OOJOO).]:ﬁ‘E.i,:'kﬁ:p;?-O.

6. 7B A=(a,),i,j=1.2, n, Ab—aklhEk LAFHPLES
Flegdh 1.k x A0 ?ﬁlf'llﬁj'f,%f}!fﬂ]%iﬁ&.’%‘y=zq:r,ﬁ‘ii 45
yWHESMA 2, 2,2, By, iy v Ry, yooy, a1,k

7. BoFE

1"

ya)=A,
y(b)=Bv
AT q(x)<0,A,B H ¥ . wRAAFHE(a DI LEEEAHH, B2

{J’”Jf plx)y +g(zyy=r(z),z€(a,b),



176 N3 ERNEH

A M-
2 [
3 '@‘P( —1+x+§—!+»-+% nEN 5]{15]’.
(1) & z<0 B8
Pzn(I)::’Ex}Pan(I):
(2) % +>08

e’r>P,,(.r):~?f(l +;I—)“;
Byx—EH o, F

e’ = Z;]?%
9. % fECla,b), Tl K
sz(r}=£i£%f(I“Fh)Jff(h%_h)“Zf(I}
(RAESET € (a,b), LEBRYAEL). E D F(2)=0,2€(a,b), %
Eofla)=catco,  XPc .o HEH.
10, SHEEE%E 0 iR E € (0, 1) RA
= sin kx
; 7 >0,
11, (Darboux £#) & FERN(a,6]LTF, £
(1) &% FTlE (o) F(b)LMes—bypdth;
(2) FRE—EFEHA.

§ 3.6 L’Hospital ;50

Bl f S T, BEFCTRER 2, —HZINEEL, XY x>z, B
fla)~1 B g(a)~0, A BRARAEA HHNRBETRENE X — T8

HH i L TR RS A — BRI AT =0 RS

= Il:mf(.r)— llmg I)fT%

,,,,,

o 1 21 f(.r) - flx)
}!I:jg( )Illm g_(_j G- l_.._,.“
RXE B ATV o E R A



§ 3.6 L'Hospital 58 177

limf(.r)— llmg(x) 0

2T BB
£
% ¥ (o)

TR BT A R A D R R, R T R

EMERERMICS , AERE AT LUHERE. BZE "8 §2.8 P/
SR RMA SN YEMIC S BB AE.

B0 Cauchy S, B L2 5 BLR 0 AR R M — MO RO A0 R

TR X 8 4% BB 47 1 38, 6T X 4% PR 0 K 4 R R 465 SR L IR D o T XA £
ERBRLHRBKRE R,
MR 3.22(L Hospital} & f.g E(a,b)AEXL,HE g(r)#F0% £ €
(a6, f,g ®(a,b)NA . i
Jim ()= lim ¢ () =0.
EXsRAET , MERR
lim f{x)
~ar g ()
FEE o) BAER
im £23= im 25
iR thEEX
fla)=gla)=0,
VBRIF fog #Ela,b) LHE S FIH Cauchy FEEE .Y € (a,5),8

fx) _ flx) - fla) _ F{&)
glz) gla)-gla) 20

BE a<t<s HUATW, Y r—=q+ HEEH e~ + HHI

im £42) — i £48) iy £ ()
i Gy T e < o

ﬁu%tﬂ*ﬂﬁﬁfé—ﬂﬁﬁﬂﬂiﬁﬁﬂ,ﬁﬁﬁﬂﬁ% Fe MR EEME
W2 EaTE |

flx) _ f(:r) f{x)
+_-T_j 1""31 t 5 x- u+gi.]"j.

RO~ ARET £
REVAEAHTH S, B L Hospival e RIHR -0 BB IR, 1952 — 01 40
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MRAER -1 K. HFE-L §€(0,1), 4% F(8)28,
R E(y -8, SYRE 2 B ML A
Flay)=Flxgy=2= " () =0,
2 (2, )70, % 0< R < 8 o,
flag+h) = flag)=hf {x,+ 6R), 0<H<].
HERR .

1

limé = S—
PR n]jtn 17

2 "
. is’tP,,(x):l+1I—!+§T+---+§T, nEN".

(1) % n Am&n P >0;

(2) &% n A58 ,P, A E—-HELEL,

(3) Prps MEEERS 2,(n=0,1,2,.) . K &5 |r |
FiR R M T — o

CRBH FEO2ILERFISIRIFISL#8.AZ4RR L F1<2,m

B2REDHEH.

EEBE FERLEZATE, 4 M,,:flelpR'f“)(r)l{ +to, k=0,1,2. Kk

MI<Q2M M,




G E S8 YL

Es5=

BINFRER f:la, b "RXTEBOIFHELE S FELRE, AETE.
— T RAKRKEEREN BT EN AR [« 6] ~R ERE 7, FRE
1 f-g|EBTEEEARERA BREN IEP RO ERRE SR, il
W EBDAK o HEZALHNRBERPENARARZE BE. T n K
A 215

agta,xt+-—-+agzx",
EHay,a, 0, Rat 1 M ER XREREFRIFHAEFRE 1,2, 22,
crxt HIERR B AMERARERMEN THETER. B, EMx—
TETAEAENE o 20(« ER)VWEFHT NN, RATRER
Lr—a,(x—a),{(xr—a)
EFam n WEBMA A4 F{E.

HASIADENCEMME. FAKEDTRS T » NEEHLETAER
BONABROBERIER P, BB, ME 5, p,€P, WA p,+ 5, EP, ;4 p€
PO OSEMIER AR pEP, HERRERK THORE, RITE P, B—4
LBEEHEETH(EFAREE) MEM peP, , —~FHELH o, a,,,
a,,{E78

plr)=ayta{s~ad+ta,(z—a)++a{r-a).
AZHEREME S, BN ) BEER TURRR XA ENESEH S
RHHEEA o BHHEIBE,
i
a, = P ?.Eu), i=0,1,2,,n.

“HESBEWNET AT EARE, IR EMBR THR2N 145 8
iTex FEERB R EMREEAEL" W~ LB ENAE , TIEERN
CRFELN— Tl FRRRRERE R, R XEEMRE 8 EHFEENTS
IR .

§5.1 Lagrange IFIEZ T

RiNBafth X TN, RERNBH RN REESR TN
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Bl xgoxaqar sy a(ae <o, <o, << x ) iX el FIRFTRNBEDHNE
YV y Y FEHALERPGET n+1 48 (x,,y,),i=0,1,, 2.
REMTZE RTHAELEFEOE o+ 1 MEZH, HNEANBEREFTEY.
MR, % € (x, 2 )(FEHP =12, )0 KBERHEN. RINFEED
— P fla ] REPa=x,,b=x,.3FE f(2,)=y,i=0,1,,n. B
A FRFENRERFNOEMEC. SREMEBAERNB(HHREMRE). H
(rosxyxs, oz, JAREN T RER, P M E o SR, WFEESA
{z, 9 ),i=0,1,, 2, WAMEMNBESR BEMSOLMEER . R4
AT RLB A FGA RY £ 1B AR O G o BT A B A

BORERER R SR BN, 08B A (2 Ly )R (2, ) HEH
REEEREX./ =12, n  BHBANEA D BRREOEZ BN £ RE
— AT T L. P AR AR, BT B M N s IE R XA g
PRI (ER, XN AR F BRES AEATALEYERATEMN. ML
MEE ME y=fF(ORBRA, REBEREAZAIEXER, FEEHE
EEEFTHRM.

BOMHHEREP, WRIEXINMEERBEME. BRI RB B — A,
AEHRTHTE BB, BRI =1 Ry, =0(HP j=i).EP, PERER
—HRBEBHOTELCAL (2),i=0,1, 0. RIVGLEFH XM L, BES
7. BT
1, %j=1‘ o
0, I j7iA,

B L, Mz, ,2, oz x, REn A ARMES . BN
Ln)=klz-a)Ax-~z_WNa-z,.,){x-x,),

Ho b, BR—THEWER. B L (2,)=1 TR 2% 0

1

IR CAEE T I CE T Ry PN e €

Lx)=

k,

TR

- (.T_Iu)"'(l‘_l";q)(l_xiu)'“(-T-_In)
L'(I) -{.I', —In)"'(.t,- “I,_l)(.r, —~_—rr+1)'"(I.— - J"n)' ()

Hp i=0,1,, n. 35X BE— 3, BAETRA — W00 1514 5 B0 00 iR 3 B Ly, Ly,
L, K&, Bk i, o5
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pla)= 3 Lila). 2)

RAIRAEHAEHN p BEEM. F— BB pc P BT,

plr)= > aLia) =y 1=y, j=0,1,,n.
iz

BOITRAE— R, E P, ZH . HEHHENBBEZIAER -H.] p,9€
P, B EHAERE.B p(x)=y.,¢lx)=y,i=0,1,,n HEEFHRELT
N p-—gBHa+ LM AREAREFS 2y, 2,2, B p-¢EP . ZRE p-g=
080 p=qg B ABERL .

FLR XA —PEE A0, 3 F4ET g€ P, RATHEER

S g(a)) L, () = qla). 3)

17 R

RHER P, POEMITESTENL,, L, L, HEEAS. FLU,IL A
B P, A — " EE. BINHZ N Lagrange BE T () F M L, B (1) EFR, (2)
M Lagrange fR{EA .

FeAl B g(a) =2\ Hd £=0,1,,n. HO)BHTFHESR

Z L {xy=x".
HPrk=01,,n.FS k=0, ERXBH

ZHIL,(.I)ZI. (4)

Lagrange B AKX WA MANHE, EREE. SHOBRTER R, &
BHE—ERR AR —ITEBE » KNSR, EERET S, B L0 P58
W THER B TR « RENES, CNTRALFHANNE. X
By, ST R R0, A E AR R, 3 R 20 ki,
WEBENHDRE TRPRBEEERGERE, ROF MU VTR
RE EAFEME, BHXAMEE L ANFFEN ETiRS.

WEAERTTABIGRE & F RELE 2,0 L HBIEE
ARRE EREXAHEYESR AETHR. N, BN o+ 1 MEFERT A o
:.rt,‘<l']<I3<'”<Iw=b,fﬁ(.r,.f{,r‘-:l),520,1,2,'",??,5]5{)5%&%,@.@

pla)= >3 flz)L (2), a<a<b,
=0
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AMITERBBRAETA p RENELBR FH—FEL, XK F AHEBES
MK p VIEEFHMR .

HRHEGRRE Elae,b] LInEHEY S0, FBEREFISWND iR
okt X R —FEE. Runge UEBZXEANS . EE B

f‘(x)zﬁf, 2€[-5,51,

LML -5,5] S RFAZEY S Lagrange BWAEE , SR EH, WEY S0
AN TESF BAREE | 2|<3. 63 - HEALMASFENA AN T BE
Flo), BRI NEZN  BL2WAFFEREHA! XIREE R “Runge B
B BT kbR, Y ERRB R ARG R LW S, TR FRBT.
KRR T HREMEEN RMNE REROE, BITAOR T 5 & - B3 HEM
ME MERMNEE EREFTREHYEE, XA FEE. RITEHFR
EERHTERABRE SR THBEREILAES. X8R E 4K Bernstein
EEE EAES RNFTET-THAE.

%3 5.1

1—1
1.&;”“@@@;@):(“; ) E=0,1,n, K p(n +1).
2.8 A 4 KBAE p, WA p(i)= v, i=0 12,3 4 %%

1
yvo=l,y = _1’3'2:7».)'3= -2,y 1.

5.1

L & BH 2, <2 < <xr, , iR 3AX p(2)=0"4aq, 2" tore-tg, B
atl &.ﬁ‘ﬁﬁkﬂ{ii*,u‘ei~?ﬁ’-—4‘ﬁ-$éﬁf{§$-l~fg—,}.

2R pANABLLn R BAX B HE A RBE LE[-n, 08 A
to(k) <L, Rik B A 2 €[ —n,nldF
[p(x) |02,
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§ 5.2 ZINTUHiBernstein TR

B . BAP, 5l A—#H(n+1MERK

" ,
Br(x3=(,}1'(1+x)""*,

i=0,1,2, -, n JEARE, R P, 1 Bernsrein B8 . SR ITREME P, di¥
FWMALEEXF[0,1] EHTAN FIHX—HERER P, PHETRXLE 9
B RIMBELFEANX A REEBRENTHOERMER.
" 5 2€[0,1]8, M~ i=0,1,2,,n, %
B! {(z)=0.
2 BED 2 + 1M EHXKHET 1,8

ZB"(:E)—l
HEIERAR R TH _OXFRS Y.,

ZB (2)= Z( ):r (1-x)"

=((l-2)t+tx) =1.
EHES5.1 WK B (2),B1(z), B (2) R P, — % a2, 5
E_" PGP,. ;ﬁﬂﬁ—%mgﬂgﬁ*ﬁ Aps @), 4, ﬁﬁ%

H

p(x)= > aBl(x). (1)

i=0

R R pCP, U pAUEN L,r, 2" WEEES. & TN &
=0,1,,»,RNA
=t et -g))

= i (ij)x.i*t(l_‘r)x—l-—:
i=0

i

ST

REW Lz, 2" BBy, B, B, WAHHAE AT p TUERE, B, -,
B, AN S BER ()R, BOKER: (DR EHNER ay.a,, . a,
B p WE—WEN, X AFEN: S ETR p=0 M, XEERLHLE 0.5 »
THWE . L n=18,p0)=p(V=0M%Fa,=a, =0, RERT . BRI
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Foa- 1 KEBMRFT. 5 o WBTX p=0,8 p(0)=0 K a, =0, HL (LR

hAT R p=0 FHT

u—1

Sanl (”,_1)' B (x)=0.

i IR YA
HEHBERBE o, =a, =~ =a, =0. X, AELIEBTERES. 1. [
A ARKEN B p &9 Bernstein X7, B ay, 0,0, B p B
Bernstein % %
X p BFH,HB

, - ! -1
plx)= ;: a, (f—l)!ﬂ(nml)!'r (1-x)

=1

_Za' nl

N e LA U VA

R~ SRGHIE TP AR F i+ 1 RS B
3 ! ! w il
a;+1i!{n?i?-_1)!:€(1——l.) )

i T A
P =1 S (o a ) B (2).
HAZAET A, ERRTUE R
Pl =0 S el (2). 2)
RE

Aa,=a,,,—a,, 1=0,1,,n—1.
ROR—AERREHEHAL . ERGR:— n KEY Bernstein BRAREZ S,
ET n®h—Tn~1KH Bernstein B, A EEWERREXNEY o s
a ,,a, E—Br £ B30 Aay,Aa,,,ba,_,.

HEAM p BR KPR E, AARE L REN A EAS L EH
B B(2)ERBH
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n-2
pla)=n{n-1) > Aa B (x). (3)
XEM AN R _-HESRF
Aa, =MAa,)=Aa,,, —a;)
=Aa,,, —Aa,=a;,,2a.,, +ta,,
Hu i=0,1,,n 2. WBRE TG HERT.
RTHRBILMHTER, BLEIA
ENX 5.1 WEEWK p B Bernstein REE ay, 0,42, ,a,. EE[0,1] E
[0 346 8 o 0 p BB 0 p O3 % 1B 7% (control polygon) , 1245 pi&E & K15 :

rﬁ%sz‘ﬂi}bvqa;nnj&%ﬁ&ﬁ;

n M

X ;(;:—)=a,-.i=0,1,'“,n.

ﬁ(&@&=mum”hﬁﬁ&ﬂ$mﬁmmmxﬁﬁﬂﬁwa

n %ﬂl.

ERXTEXP, FHEMRMESEEIUTPERH GBS RAHR M, LA
‘B AT b H A RBHE, iE S 0R AR R E (0,1 Ea— 4
BN ERRR RUBHEAHREEN HAR AR H%E MREE
HNE B W RE TR P-Bézier, B L E XA N Bégier ZHH . h F XA AN
el , — 5 E {13 Bernstein BEHBA LW HEARAFTRE T Z A, Rt
X ARBEERE (IR LETR)EATHOER BRTHZEHN . E
HAFEB- FA%".

MWILF LB MRS EHERRA 2R BR? XER TR EBRE
) 5 Y )

B 5.2 EWRMER p 515 0B RS B TBA 7 T TR T 28 5 4k 4

MES RBE p(0)=5(0), p(1)=p(1); M p ERASKALHTR 4
AR EH RS-SRS HES.
iR i

(e )5 (e | BR800, KB = 1,2, n BB

plx)= Z“: aB'{z).
SRl 5 1 ALK, B
p(®)=a,,  p(l)=a,. (4)
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BRERE-TEB. BROS I RASHARQR).H3

pj(l]}:nﬂ.a,,:n(al—a“), } 5)
p(1)=nha, ,=nla, —a, ,).

s

. _ 41 T by

P (U)_ l +

H
TN M T
p(1)= {

H

FEEE FRRNE AR NS ARBIE R R R TS
“A e O

Bl EHEHL p(x)=
i@ 1% » H Bernstein ¥R

(1-2)(2-x)°

T b,

3

plx)= D) aBi(x).

ﬁ%%‘y&%tﬂ%ﬁ Qystlyastda,ydy. m(4)1é'
a,=p(0)=1, a; = p{1}=0.
it p”, 138

pf(hr):(x—Z)id-“Sx}_
WAR(5),1%
Ia,—ay)=p(0)= -2,
3y -a,)=p'(1)= ﬂ%.
ML E B ¥
_ 2 2 1
a4y — T‘}'&U —3-‘*"1—?,
_1 1
ag“ﬁ+a3”"ﬁ.

X, BRITRE T BT A B9 Bernstein B3, 1,1/3,
LA2,0 s BIS - 1 o B A 0 4% 8 5 (0, 1),

(é,%)(%,%},(1,0},{@1&@2{5&&&%

SERDEERE N, MRRNER R P @S
WA p MEL RITUREEES 2R FNHNEE. O




220 ESsH BuSHEyE

FAMTEHEERT B p SpATE RBENOHFHHLR.
3 EREE 9% T3 EWE uInlEa EUE AR 22
1° 5760, 1] F 220 p >0)8F, B p=0(p>0);
27 H7E[0,1] b pid 1 (WORY , p G (W) ;
3 HTE[0,1] b p R BB, p tR M.
iR %
pla)= Z aB (x).

i=1
1° % p220 #(0,1) F AR H, SBE AR 0,200 =0,1,-,7). B F Bern-
stein R0, 1] W EH, BRE p=20 7£[0,1]) A ;
2 WHTE(0, 1] LB, XU BENE
apSa, S, %S, ,
KR da, =00 i=0,1,- .0 -1 B HEHARQ), T p' (£)20 %
[0, ] BR8N p (0, 1] L B,

3 R pE[0,1) FRMEK, XUTHE A Aa, <Aa, < KAa, ., ,BIZH
=4
Ala. 220, i=0,1,- an—2,
BB FRE AKX GIA p"(2)20 1[0, 1] LS B p 7£(0,1] FRME
¥. O
BRI LR GHEM 1.5 p B Bernstein RREE MM W24

1 1
1! ?) E; 0
2 ~1 -1
3’ 4" 12
3 1
12° 6’

Rl B, AR B0, 1] L B x = 1 2 SBR, p HEUEH, %0,1] F R
R Y I BB PR B XS, A 5~ 1 TR AT LB E ENE

SRR S R AL M R - KB A BB, BT R B R
BELBRE GARN. L EFAAEREERIT, - BARTREE AR MR
EAEAAT N, SUAT AR BIX R A 2 B B R R Y X — T
VAL , Bernstein R4 A9 B A 46 A& T8 B 0 B 938 80 2 T8 15 L0 B

2 BEDREUALLQUTES -t WEE HLEUANVLABERE » 5)
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Bk EIEEHR!
FIAX 848, ST ULR A B b A O BT i “ =K Hermite IR {E " [RIAR .
B2 R-AZKEHA p FEHETHRA:
pOY=m, pD)=y, pO=m,, p(D)=m,,
HY v,y ,my,m BEEHENNALH.
M P REERES

AE M|
BYAE | my [

HBFZ A BESEE. AR D P\ RN MR FEEE I ENNRESHNE
Jﬁ Fﬂ rFl 7Gﬂ ’ GI vr,Eﬁ]:PB‘gﬁ—/ik%EEEkzlﬁﬁ.

F, F, Gy (s,
011 0|1 011 011
ERER o1 00 olo
0o 00 10 o1

~BRATEHARBZE, - BEERENERRCIOEHRAS BE
B2 v,y me,m MAGY B, XEX -REH“BE— 5, ARHE
RHFE EREAEMEALPHBAT AT LR E SR s g s
MR 748, BRINMFEER

Py Fe Yy Fi+m,Gytm G, (6)

BRRAMTERR F . F L, G, G, #F B E HE mREHRHE BN F
i RERABEREARTAAEAFNTEE e, AE 5 -2~B5-5 48
W EMIE R MIEE SR BEE

H 4t BV A B

Folx}=Bi(x)+Bi(x)=1-3z2"+2+%,
Filx)=B{x)+Bi(x)=32"-22",

Gi(x)=3BUa)=r 25"+ 2, | (7)

1

G,(J:)=—3

Bi(z)= -2+ 1,




222 B:s¥ BASKEVNSE

P
P
Fy F
! aan 1 (231
o 1}3 ¥y 1 x o 113 2';3 1 x
A s-2 53
r P
G, G,
(1/3,1/3)
1 13 23 |
o 173 213 1 x o x
(2/3,-1/3)
B s5-4 B s5-5
#2185.2
. HEBRE X
n . n " ‘
ZRFB.(I): Z J(Alag) ',
-0 =0 H

REARFEGET.

. Rk Z e B () A=ARRE n -1 AN SAANLEASEHZ
au—(n)a|+(n)a2I'“-I-(—l)"_l( ! )a,,_,"’r("l)"a,,:[].
1 2 n—1

cERayBy(x)t e, Bi(2)20 % z€[0,1 )R AN b EASFHE 2,20 £
a=0.

cEF e, By(2) fa Bi(a) + @ BI(2) 20 8 2 €00,1 1ML L B A £ 4
A ay=20,0,20 # 8 a, +./ aga, 20.

. B EL(1,0,6,0,1)30 Bernstein AR & 4 A S AXA[0,1] L8 1R ¢
AEEOEHR RE AP HAL0 I LA BHLELFEHA ||,
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6. LIk FARI

3
Za,B?(.r)
0] LA R LBAS .
7.3 p(r)= ZL; aBi(x), i %

=0

pdas

i
n
P xa{Tpe
st —8 r€[0,1], Jﬁ'p(x >[}
8. B {)E[0 ] L EXE, i =0,1,2,,n
9. ¥ 3 AKX +° -22° + 4z - 1 A+* % Bernstein # X
10. 3% f(x)=B)(x)+aBi(x) +aB3(2) + Bi(x), £k £[0,1].E 720 &

¢

1
BEM ez =.

3

§ 5.3 Bernstein 2R T

EX5.2 & f:(0,1]>R,
B (7= 35 (L), 2 €00, (1)
A f B n K Bernstein £,
R HEFRE S8 B, (£10)C P, HE—BEE £,B,(f10) 5k
HALUNF 2. B0, RATH
B,(Lia) =1, @)
B(r;x)==x. (3)
RO R

B (l;x)= z": Bi{x)=1,

B {x; r)* ( )B ()= >, ( _;;’1”(1)1 (1=

-— ( -1 ! § L |
‘szr (E—i)—n!f“‘x’

i=0
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=x ZB?_'(_r)Z_r.
M— R RY f @!J%E{]n X Bernstein ZM A, , AT LLH B E— 1 e .
f—=B,{f).
R AERADIEH B, ,#4 n ik Bernstein WF . AEXBESE L, M0, 1] F
EMPEATEE F 5o, BH
B,(ftg)=B,(f)+B,(g);
MEMER LA
B, (Af)=2B,(f}.
BT B, REXHFRER. KB, YRENTF HXEF B, AHREURQ),
(3R ERX, LT LR A, 0 F
B,(Ax+ y) =z + p.
RERNENBYERF B, HERAZTAE, BHEBEEF B 4R34, Ak
AR EERER B, -~ Rahs.
% % Dirichler ¥
I, Xz REBHA,
0, % HEBEH.
RBEL B, (D) =1 MEM n €N* R XEW, &R B fE—F KR
W8, ()5 FIBELARE. HE, —BEH F H01] LN EEREx—BE
ZHEBREREY >l B, (F)RAT r WEER, LIRBEZ MENTTEE0
P R E, R A TR EAE MR ENEAXENE 0. M 1912 F
Bernstein IR R B TR, CARREENELH X FHRE - BTEY
L AT Bernstein BT, 43R M AN 90E , 5 2 8 3 B 10483
BIEAR, —HF) 20 #4250 445 89, Bernstein F A & BB BT oy L BR
LR S0 105 60 R B IR 8, MR 714 #1 T4E . Bésier 37
—RB MR B, 44 8 AT N Bézier FE AR
BRT RGBT, X — 8% H R IE £ Bernstein LA Bézier H kW,
VHRAET ERG RN REGEEERRILTES D T RMEE, f88H
*ﬂIﬂﬂlﬁ{ﬁfﬁﬂEWﬂﬁﬂﬁ{ﬂmﬁmﬁﬂ%f’ﬁ@lﬂﬁﬁ#@‘bﬁi?.*fﬂiﬂ'
S2 AR 8 3 B 37 F BB 7158 B2 T &9 Bernstein EWA, G EEE. BEYFE
.
FERH 4 HEAMHR, #18 Bernstein FMAWFUNLE K7 W\
B2 AR EMRENE UTHERRR TREERN AL
ERS5.4 & £:(0,1)-RRIMEK

Dir)=
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= f(0),B,(f;1)=f(1);
2° ME 20,0 B, (20 £<L0,M B, (£)<50;
3 R FEMGE) W B, (FEEER);
4" R FROEH.N B, (HERMBH.
iERR A REEMEHTL5R BINREH S 5T f BOARE . KE

A )G o)

0 £ 2] () {2 oo
RHRi=0,1,,n-2. FR.ES5 20O, TE

L

L
(B, (f;2)Y =n(n-1) zﬂ QB *(x)=0
ERAEA T B, (HR[0, 1) LMD ESE. O

MAEERS. 4 T8 2R B, HRW, TLUERY f>, MttA B, ()=
B, (g) 5550, R m , M L fEON] LW —AFRA—FS LR, B4
MAERER B (NAMTRALE XEHREE. B, (H%ET F B RER,
BB ¥ B, RREN.

TEHRE THRE, BRI BT B, WEEEE, 0 B, A ERE
BAETHYHERY » RESH(YRREEMEER), HTiLESNEE.B
T B, WEHBIENB. AF B(HRB—PEHR, A RT LTS B(B(F)), B
Eith BY (). — B, RATE R

B™(f)=B(B" " (1),
RHE 222 BT BUUM B e KER" A B —H,.BYHESHET, &1l
R RBAH AR5 . o,

BY (£:0)=£0), B™(fi1)= £(1),
FEAENFBE LSBT BHER KRR AT E, RRAH
ft 2GR FHEX—REH T

ER 5.5(Kelisky 5 Rivlin, 1967) % F RELE[0, 1] F WIE BB
74

}iﬂB{*J(f:r)=(l—I)f(U)+xf(1)- (4)

EH ER@WANGAREME y= r()0< <) R S ATk 2 e
R B R A14

H{x)=(1-2)f(0) + 2f(1),
HE
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¢(x)=flx) - 1{x).

Bf“(gﬂ):Bf“(‘f.) -1, k=1,2,3,,

pini
a
=

il B4
}ifﬂB{“(@)=U
MO EH. ik, FE-MAER
(1—I)"+x";zy—1_1, 2€[0,1]. (5)
REFZAY + 208 » BN ETHS
FU- 2y ez (Ut L

RAFRIEW T (5) AL )
o]0

KZmax(
THESE ¢0)=o(1) =0, FMAFRLER(5),18H
[B(g; JH“’ZJ@ B”(I)’<Z‘

%KZB,”(I)=K(1—(1"I}"—I")

B"(.l)

gx(l—%).

2
B REAERE—K, 5
|B'2](go:r)IE§K(l —2}_1 )(1 --2”1_1 ) =K(1—§;—:,—) .
43 94 b 5

[k . __L f -
LB(@JMQK@ Tq),klj,
XBERHER T
limB™ (¢;2)=0

o

M- rel0,11fy. O
FA Kelisky 5 Rivlin 8128, TUREHE T B=5" e a. R
JRBMTRYL M2 fHRBYEREA, £=1,2,3, Hlt, FALREE,
W
f(.r)=}i§EBm(f;I):(l—I)f'(0)+rf(l}-
FrEL, F RRE R AT s
SEX 5.5 BRI & Bernstein HF B R (smoothing property) . i
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B oy= ) R—%BAR BAMHMAORE, T LG4 BFIR K24 L4R
g EHAET B FA—K2IE BHT —#BHRAHMEK y=B,(fi2), EAH
RESH MEXREBAIF AP ELLBELRESABN T . BXAE
REXMERRAELZRWE TR EBS S KOR YRMNEBF B, — kX —
Dot FER L ABRER—FELZE. EREHNEN L EEXSREN, fA
ML FEREEEN. SRBRLE T B, AEHEMRLEIOLWR LR, 2
“EESETRIFER.

IEf2 Bernstein JF #{R % 5B 5 404 4L, Bernstein £ 7 CAGD 1 #EfE
HlanperZm il AR — 2 ARBGRNET . XF CAGDMKE W
HeEPAA.

%38 5.3

L p A=Ak RKBHAX R b<n, KB, (p32) B —AFRBL kA8 S
.

2.3, B, (2%2)% B, (2;2).

B,(

3ot pa[0,)-RE 0 =0, L 50,y ma, gie BlSi0)y

(0,1) A i% 3%
4. FiE,
1
B,(r(1-2)sr)= (1-‘¥)x(1 ~2), nEN" .

5. A1 B AT A 49 45 R R 4E M Kelisky - Rivlin & 2 .
6. KiE:

(1) limn (B, (2%52) ~ 2’ ) =2 (1 - x);

(2} J}ipﬂ:n(Bn(xS;x)—xj}:?r(l—.r).rz.
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§6.1 REHISIHIE=

ARIE RINEGELSTEREE M THENNEFRE, KFFERE
HOERSTHEENNSE AE, RNEMENERFNEZE IREHK.
R mEHITAR F 5 EBEXR

F(x)=f(z), (1)
KB r R ANRIE BT IRA F B FEZRE S — BN AYE
BEmmERE TUERERNLE SRR HE. AR, M 24ER
R FRYEREHREENER BESIS 7 ERITNFBRIERL 2N
A, A REF I TR

MRFEfFH—-THEERBLMEMER . BHE(F(x)+e) =
Fay+c'=fla), Al F+c R FMBERE X, WREFEGCHRFELES
X ) b AR eR 3, AR 4

(F{z)-G(2)) =F(x)-G{x)=f{z) - f(x)=0,
BEF-GHR—THH XBEYH WRARHFERNT FO—1TERBEF,
MEABBHEIF+ e cCRIBH fHLERRBHARLE. X7 ESHITN

J.f(.r)d.r. (2)

Erpﬁmﬂﬁ-,mwmw,mm HAEARER. Q) RENR

ERR—HH2HRXTEH? ZEBE 7T EAENA, GRS - RiEE
Dt HENRY F EM - ERRF 25 RTURREE.

jf(.r)dr= F(r)+tc.
R2TAREFALRA
F'(z)= f(x)

AER-EH WO TR—SZE WER— T RITEFABOADM FR,
RULRABAARKRR. REBAREREDE.
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BARMTATEAT 5 — KA 2K

OMr=c,BHYF « R,
’I*d;ml—i-x S Hp A -1,

rl
—dr=Inlxl +¢,
x

X l— I
e'dr=e" +e¢, Ja dr=—u"+¢,
In a
) Fo1 _
sin vdo = —cos & + ¢, ——dx=—-cot r+¢,
Jsin'x
r o1
cos rdxr=sin x + ¢, ——dxr=tan x + ¢,
J cos x
1 dr =arctan x + ¢, [ 1 =dx = arcsin x + ¢,
— dr=
Stz JV1-42t

WHEE TN ERETUHERSEHERER. BITAXE DiEH
J.i_dx=ln|r| +c.
X
Yr>0d,lxl = 2,
(In|={)" ={In .r}’=-1—;
g
g I<0 HT.f+JI| = =
(nlx]) = - z)y =2 L
u T

A AR 2T
A JER oR OA 5 BLA0 B S0, ST 20T LA H F 9 48 B4 A

° (jf(z)d.r)?ftx);

z*'j F'(x)de=F(z)+c, EHMAMITE£5, Xk
JdF(.r)zF(.r)+c;

3°J (Flz)tgla))dr= If(.r)d.r+ Jg(;r)d;r;

£ WR RRSTF oYK, RS

J.cf(:r)dec'-[f{.r)d.r,

RBRG, BB URABISAERE. RITBER 20, REFLE c=0 M LR
HRFT O WMANRLEEROES, IRBERT 2 L LMRE. F Ty
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BLRINTUREHSE LS - REMR. fln,
J (3rz+%)dx = I3xzd:+ J%dx

=Jd13+4j%d.ri.rs+4ln|rf+c,

et el
L+ o 1+2°

= Jdr-— J—n-l_!clx:x'—arctanJ”‘FC,
1+

2 g 1 _ dr ]
jtanxdg .[(cos;r l)dir_jcosz:r jdx

Stanr—xr+e,

j _cos 2r

2 - 2
_ [rcos'x —sin' x
cos rtsn o

cos x +sin x

dr = J(cos x —sin x)da

= J‘ms;rd.r+J(“sin r)dr=sinzr+os x+c.

FMAREEERER, ROEATURB TS RBEORBE. HE, X
S RRRERRSHN EL TS EENITERRRO T EMET R
WIX B BE R I RN R AR, 5 — R S 8RS, B T H o e
JTE.

#We6.1

[ G+t ar, (z)j(l;l‘)zdx;

(3):(1—}-115)ﬁdx; (4)Ich xdx:

o L r-1

(5) | sh xdz; 25 e
)JH rdr (6).[ 0° dr;
AR

(N | Sgpdas (S)J-«/l—siand.r;

(9}. m; (10)]":&‘33(11;

5

(ll)JSiHZIdI; (IZ)Jlil_dx;
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(13) [ 22, umjﬁﬁﬂx

Cos x¥sin xr

§6.2 PERFRHIIATTE

1. ¥R 4G%k
W 5o BT EE, bR G5
(uv) =u'v+aue,

K A E RN ER S, BT
uy = J. w (r)e(r)de+ J ulx)v' (x)dr,

LAMEUABRAMEERER  REANGHANRERS PG ETEEY.
FEE AEF-ARERGHA, A BRELES FERER.

MIANAHAER P RERY  HEAFH—ERE%X L80T8 R
BABHT RO AFRFENE B REEE . A, Kb i ET
R RINA

jutﬂv%xmx=uv—ju%xhwxmx. (1)
KBTS )
Judw=uv—jvdm (2)
EFA AR B R RS AR
B1 [ enda.

B OXH EHERE e, EMFRET REMRER HE, REOE S %
—THRBERE) TN o, B —1 B o, BE—BHRE AE R BE
B0 o B BB, T4 u o MAERDE FRE M amtgmes 4
AL o - RAETHRASE S, X AR KBOGET P AL ES

EXAXMFE, LR BEN RTERAFESE. HHS u=2 v = e
HATT . XB 2 =1, AW R v=e"WERF W EM R,
Rax(1). 5

Jre*d.r = Jz(ex)'dr=re’ - J'(:r)’ezd.r

= re’ - J.eld:rzre’r—er“i'c. ]
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FER—-TEE, RAUETFRTRNEREREFHEK.
B2 S| st dr.
- Nl Y R
Jrze“dr = sz(e‘)’dx =gle" - j(:rz)'e"dx
= e —2j re'dr = 2% - 2(re" - Je‘df)
=z'e’ —2ze —e ) te=(at-2r+2)c" +c. []
# 3 ﬁﬁjln zdz.
#® ARAKQ),.®RNSA
Jln zdx =zln z - j:dln z

=aln iz~ [ Tde=alnz - [ de
=zlnz-r+c. [
EXFALT S ERRLR A I - RIZERAT RAANH AL,
LRGeS R P2 e s E T e P
Bla H | ocos wdz, [e'sin zde.
WA EBUNE,

-[ e'cos rdr=e"sin r — _[e’sin xdxr,

Ie’sin rdr= —e"cos r + je‘rcos xdx.
ER—DMEXTHMNEERN TR, d gy

N 1 . .
Je cosxdxzi(cos x+sin xle +¢,

je*sin xdx:%( —cos x+sinx)e"+c. ]

EFZHET RHRBFA AR AT ROEYR, 7 BE KT 1 TRk
L R RN B X S BES, RITANNAE R RS MR, i
RAE—TRUSTEN, P iEtr RA R ORE . 38, 83 LEREZE 8
RERR BB BOE A XL R AT IR A M L RINBE A 61 F

# 5 i+ﬁjcos".rdx, Jsin”.rdx HH nENY .
B HTE - TTERS BN ERBEY co's BB %
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cos reog” 'x=(sin x)cos" ' B ANERZE .8

, - -2 .2
I cos"rdr =sin reos” tx+(n—1) | cos" P rsin’ xdx
o

=gin reos” ‘r+(n—1) | cos" *x {1 —cos’ x)dx
!

. -1 i 2
=gin xeos” ‘x+{(n—1) | cos" “rdx
o

—(n—l)IwS“IdI.
2 1%

n -
lx+

1 J.cos"_z.rd.r.
n

HER. LARUNAERATHAENEEBL T L REREFEARX A
A BEEATE

" _ 1. " -
f cos"xdx = —sif reos

J‘C{)S zdx =sin I+cﬁjdr=r+c'.

REEEE—TERE -1, B KE » BERERBEEE.
3 Bl ath , v] LI 18 B
n—1

{3

] 1 . me
J. sin"rdx = — -7 €os rsin® 'r+

¥, =285, RMH

. n-2
J‘smN rdr.

Imszrdx=l(cos rsin r+r)+e.

2
A 15 B
J‘sinz.rdx= j(l—msz.r)d.rwm fmszxdx.
Bl LA
Jsinzxdr=-é—(x ~cos rsin x) +c.

Y on =30,

jcus"‘.rdr = %Sil‘l r{eosdx +2)+ ¢,

J.sinsxdx=—-%-cos.r(sinz.r+2)+r. |

2. BTk

EHFEREHRN, S RTEKHENRR PO ERERIEN".
EIEEHENHF.

e 3k J sin’ xcos xdzx.
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B ONBEEHEH sin'zcos 2. EPME—-NPHLR sin x WRH, B_1TH
Afsin r NEW. EZEGRBERE AR, AEE S

J sin’ zcos xdr = %sin"_r +c.
didaEE TUREFRARXBEAN. O
B7 K| re’dr
W TR TE

.rerz = %—(21‘)&12 =%(3:2)'e"'2 R

FHERET Rl — s e £ 2* RTS8 20 EAFR 2" HRE.
A ECR B AR, RNE
(") = ()¢ .
F 44 31
jxezzdIZ%J.(exz)'dx=%exz +c. []
PUAE , FATAT LA 3K 8248 — M A MR . 35060 0 O A 514 R B %

MEBE-TEHARE-ITIRER o(2)WEBER fle(a), TEHAYELR
el )R RY o (2}, AER

[ Flptene (2)dz - [ tuwydu, (3)

—HREC)EAN—MRERZT, SR v = () BEK - HER. =
CIREMETELEG)APAAFIM « REPRIER . X6, AEHB S

Flo(e))g (=) A RHAE A BHR 2B £ 30

f(u) flelx))e'(x).
Eﬂﬁ%T(?ﬂ%Eﬁﬁ.
B8 sk .Egﬁ'ﬁ a7#0.

ﬁEE:F

|1 (axt)
axr+b a ax+d ’

A4 y=ax+b, Ml

dr _*v[d—u--—-lrﬂ | +¢
a

ar+b u

=~511—ln|a:::+bf +¢. [
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By K [ldr.
® B o) =L

Jln—rdx= jln xdln I=L(ln V¥ +c. O
T 2

EWAEMAFERAREP A8, 3) 0T R & 8 {E il — 3 B 3 7 4
—H. HTHEEXITEE & -TEEENETF HRINEH - y =21
y)(r - y)MNE EEFEXIRWEER (s +y)(x—-y)=2" -y , X2
RIRRIRBRET EXE A6 Bt 9 RNBEHBHRFE M F & A
E g mlm iR R, EP— a2t -+ RmHN SR, N H
— IO X A B B R X R TS R MR IR A L, ER
BP0 BR8N ERrmEEX ST, AR SHEE . R1E
Al LB () MR Ee— T g, 8

[fcu)du:jfcga(x))@'tx)dx, (4)

HP e @B THRTu=()BT » MR B XK E R E L BB RN
ERMELZTRAGL AFE0SHE, XERFETHN HE—SHF.

10 sﬁjj—fﬁem#n

B ORIMNWE, MR a=1,02 arctan » RE—EEYK, XREXIENT
WETT r = at , A dr=adt , HI;

.[ dr lJ' d¢
a tx all+y
L
a

1 r
= arctant+c=-;arctan(z—)+c. ]

B 11 ﬂ—ﬁj B ab 0.

L

o Sm.r“i‘a‘:l2

dr ~ d(%tan .r)

T T Bl A
a‘sin‘x+ bcos x ab(1+(b£) tan‘r)

#I1H

)
a‘sing +bcosdr ab b

;[ - dx =—1-arctan(£tan;r)+c. ]

B 12 sijaZ—fdx,ﬂwxrga.
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B ONTHEBRRBPHARS EM EHRIT 2= asin ¢, | zlé%. F£,

4 az -z’ = acos !.ﬂﬁ{ﬁﬁm
J.\faz“xzdx :azjcosztdt
=5§(t+costsin t)+e¢c
=~a2—aarcsin(§—?r) + %v et~z te.
XEERMHAATHAS PRgER. O

dr
# 13 . a >0,
R |
B EAERA L2 -8 ESEERERERDHEE ALFES —fHR
JL.XFMBEAT==AEER

1+tan2t=—-g—
cos ¢

BAREMBI 2= atan ¢, |¢|<T RH—K,

1 _ €os ¢ dr =g de (5)
‘,Haz-{hrz a ’ C’OSI'

HURITHHE(S v=sin¢)

J‘cos:dt: dsin i

cos ! 1 ~sin’¢
dv =1(J‘ dv _l_J' dv
l—U 2 l_'L' 1+1{))

I

[a—

(—lnll-o|+lnll+v|)+¢

|
1 -

+
o

+c.

n

o

B (5) a3 — =, T

iy

sin ¢ =

Ak

l+w_l+sine_vVal+zi+x 1 2
I—U_I"sint'—m_x—?(:+m)zl
B a &8 3
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J dx =iln(m_m___r+ a2+12)2+c

Wl A G
=ln{z+va’tx)+e-lna.

BHFloga R—THEE U c-lna PREFENEE. THRER

dr _ 7 )
a2+x2_ tva' +txi)+e. [

B Su=1+/1+z Rl
1+r=(u=-1), de=2(u~1)du.
= A1k

JHj%_I:z (% l)du—— J(l—-i-)du
={u-lhu)tc
=2(v Itz -In(1+/T+a))+c. [
R, BIHBAX GRS E B AR M H2yT

fFER S E EHEFRATEOEN, A E LSRRI HETEHRH
¥.

sinx/;
&l 15 sﬁj .
B MR HE L

1
—=2
7 (vVaz),
MLoBBEEED"

fsu\lf_ dzr = ZJ‘sinv’xdw/Iz—Zcosx/:r+c;

MRMBEXERG IARERT 2 =17, dz =22dr, FRBE

SII sin ! .
v —EJ—ds 2fsm:ds
[

=—2costte=-2co8v 1 tec,
REMERENZR. O
BRMAERT AR RHENE FEFEMHST BELS. HE &
MR TER UG 1300, BRABERHREEK 0 BEE“FH". F
3 #E— A+ R IR, 4



238 | FodE RIMFEN

_t —a ' +a’
e 2.‘,’ ' d.l '—2}—5——‘d
HEBEH
: 7 £ +a’
va ta = 7
B L

dr de 3 7
J =|—=lntte=ln{r+va +tz°)+c¢.
Ja + 2’ JI

BE, X —T AR
Blah RIE M43 0] LU T T 56 F.

# 16 ﬁl[v’a + ' dzx.

BOBMEEDRR, Y- E LTS FRERAELE. HE, WRER
etk &Y, B LA 1] B4 1k ok — A4 B i R R 3

J.v e’ +ridr =z va*+ ¥* — xdya’+2’
=zxva tz - L dx

a tux
=x+va tz - "Mdr
’ a +x°
:xm+a2j S IVQ + 2 dx.
@+
B E 2 E,18
jJ—}_d=§J_T7JJ—d_I“_—

BR—ARERSOER 13 R, I
Jv‘a +rzd\r=;g-vaz+:2+£—§ln(.r+va +2)+c.

%) 6.2

1. AR &4

(D) j arctan rdx; (2) J aresin rdx;

{(3) J rarceot xda; {4) I x arceos xdar;
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(5) ﬁln(.r + 1+ 2% ¥dx;

-

(1) | #’cos wdr;

[ arctan
(9 | Z=57"des
r

(11) J cos{ln x)dx:

(6) J.x/;lnzurdx;
(8) | —5—dx;
cos x

(10) J. xich xdr;

(12) J. sin(in r)dr.

B p R A REAX KB p HERFRAEAFTRER

. H',ﬁ-Jrf”(ur)dr.
o KRR

{1} { xe ' dx;
3y [ 2y,
w "'I‘

(5)

Jchax
C dx
Jsin &’
F 1 1

(9) | —rsin —dur;
Jo £

(7)

[ dx

(ll)_, {(a+ bz

;.('*'-it ab#0);

Ip(:r)e”dr.

(2} [__Z dr;

1-2°

4 " r )
( ),mdl’

i dur
6 e
( }d s
(8) [ ot

Jaln z(lnln )’

2
(10)_[ (arctan x)} dr;
1+

(12) 1 cos arsin brdx(a,b HFH);

-~

(13) { cos arcos brdx;

(15) | sin’* zdzx:

[ cos x tsin
—
oS8y —cos

(19) i COS x&8in xr
™3 T 7
Ja cos r+ bisin® x

(17)

da;

Xy

dxr
acos x+ bsin x°

20 |

-

(14} | sin arsin brdr:

(16) [ sin’ xdr

dr

(18) | ———;
J2—sinx

r dx

cos r+sin 1’

{20)

(22) [ 282 4.,
J 2+ cos2x *
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3

" In r
| —=—dx; 24 dxs
D) e ( ]JJTT_'I
I dax dx
5 d ; 26) ;
(2)¢J1+_t2+{1+12?’5 ( -I..rx/1'2+1
27) [ de; (28)jaﬁe‘5dx;
(29} -arctanﬁd.r; (SO)IJ'Sih«/;d:r;
12
x * .
GUJJ_ﬁjﬁdﬂnEN s
32 ),
( )jm c(a HEH)
COSIS]HI
(33)j 1+sm dz;
HRERERR
Iln".rd;r(nEN*)
&4 i g A X
. BABA r=asht Rr=ach:t Bl TL4E.
[ dr s
D | s @) [/ e
) [ (2 +a?) ¥des @) [ =4
e M??I
(5) -v’:fs-azd.r.
2y, . e’
(1)[(1 —;}edx, (2)-[(—1'_—'_-1-—)1411'
Kb R A LR
(1))(’(}2}::%(1-}{]); (2) Fisi’z) =cos’ r,

§6.3 BEHUISNBIREE

PORA B R, W L ERETAMNE. AL FRER, REE
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MR Hh P EQBMEFTAFREMNBAXRNTE. mA P HIRED
TQHERE.F R IASA MR P HRBADT Q KRB, % R RETK.
ARk RINERE T BIRARFR - BHA M E—-H R AR Pl

I—;E%;%#ﬂ»fﬁﬁﬂ:,@ﬁn%wm&ﬁTﬂﬁﬁ

AR S A S SF (A B S
- = ]
1-z° 1- 22 1-r
3
r—xtuzx x
Z—I3+——~—;—=—I —rt_——
l-x 1-rx

I IMBELEFRT LR - (2 + f)ﬂutﬁﬁﬁ:ﬁz. BF£WA M

RREREELRBH, RITATAHRTWARE X GFEBS.
B/ E MY e,

ER6.1 B R=JR-MHHR KA Q HAER Qo) = (r—a)

(=0 (2t pr+ @) (2t +rr+s) , Hip a, =, b,p,q,,r,s XK. B
‘{}2—4q<0,'*~’r2—-4;{0;3’"-“@’#,---,;; %Egﬁ,mﬂ
A, A,
- —+ + 1a +
R(x) (z—a)" (r—a) " x—a
B B,. B
+ B + B-1 + e 4 1
(z=-8) (z~8)YT r— b
KF‘I+L;4 Ko+ L,
+ ot +

{(z°+ pz + q)* 24 pr+g
Max+ N, N M,z + N,
(z°+rz+s) x trrts’

HPE A, BLK, L, M N BRI FAETIRL WA EREN
—HEM.

HMMERAX XA ERGHIEN, BEEIEHOEL. CHEY, K 5T
EETEEREEPED.

X EREREN, B 0T UMER TR B4 22 f1,

A Ar+B :
(r—=a)*’ (12+p1+q7“ HWEf p* —4q<0,

KR ¢ RIERE B, WRW L3, R B4 R0 B R AR, RE SN R
EPRAREF RO B RB G ARRE B 200, RO R E— T il —
TAAIRAR B R (FH 6.1 HHBHALEE).
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Bl
xr+1
r—4x+3
ARG

B EHATEHEE RS

=4z +3=(x-1)(x~3),

KEEG.1,H
r+tl _ A B

o —4r+3 -1 -3
REALBEBREMRE. Z4%2E,189

r+1=A(x-3)+B(x-1).
ATHWEASB.ERMNIE B—HFER, 488 r=15-=3RA LR,
B

-24=2, 2B=4,
MLt A= - LB=2. B HHER BB EARF—KASEHMNRE,
B
A+B=1, 3A+B=-1.
MERUEFBEATTIARHE A= -1,3=-2. A,

+ -
e ety O
Bl2 s
x
'+t + 343
AR5k

B EEABBESER,
13+1'2+3.1"+3=(.r+1)(.r2+3).
KE®6.1,8

x _ A Bxr+ C
o+ +3r+3 +1 FF£3

EBABCHREMER. N EXhEaa Bl
r=A(?+3)+{Bz+ C)(z+1).

Sr=IRAER BA=- L WA ZE.B

1
TI2+I+%‘:(BI+C)(I+1),

B
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%.‘rz +1'+%=Bx2+(B+C)I+C-
BT RAERORGRR, B By, C=5. [
B3 ik
' +1
-3 43x -1

IR s e =
B REEL.SHAEMBRE (-1 Bk, BNA
r+1 :é+ B + C D
=303 - o (1P (-1 -1
s A S E L
P A=A -1V +Be+ Cxl{x - 1)+ De(x—1)%, (1)
WMRARRMNEF LN BEHRET LERNF RN, FRANSELLE A,
B,C,D N EEHRA, ARUTMURE A,B,C,D.BE, TENEERE
EREEN. BE, 2 r=0RA LT, THEMN A=~ M(D)FBEE A
Z 5, B

2.17?—31+3:B+C(x—i)+D(I"1)z, (2)
B x=1{0A(2), 588 B=2.%%,(2)%{Ly
22" -3z +1=C(z-1)+D(z—-1). (3)
EG)MFSEASI 2 kG, 8
4 -3=C+2D{x-1). (4)

EOHL =1, B C=1.BE, EONEEWHsod - BREK, B H
D=2.
BRNERR.A=-1,B=2,C=1,b=2. [
MERBEKFEERBEE. T

_[ dx =lnlr-al +e,

X —a
X ez=2 8,
dr  _(x-ag}'""
.[(.r-"a)i_ 1=k Te
Bl R B 5 ] -
AI"'B *
(12+ﬁr+quI’kQN '
S EF,BI1H

2
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